Abstract -In this article we prove the existence of two different classes of regular hexagons in the hexagonal grid on R 2 . We develop a generalized layer-wise construction of a hexagonal discrete velocity model called a N -layer model and derive general formulae to identify all regular hexagons belonging to the grid. We also present some numerical results based on the hexagonal grid.
Introduction
The discrete velocity method as a deterministic method for solving the Boltzmann equation has been used to approximate the Boltzmann collision operator for several decades. Various approaches have been used to discretize the collision operator (see [7, 8, 13, 15, 16, 18] ).
In recent years several numerical techniques have been suggested to deal with the complexity of the Boltzmann collision operator. In [19] , Rogier and Schneider proposed a numerical method for solving the Boltzmann equation based on the finite difference scheme for the approximation of the collision kernel and the finite element scheme for the transport phase, where the properties of the Boltzmann equation are satisfied. But in this method it requires a very small discretization parameter for a reasonable accuracy. In [14] , Görsch used another approach by smearing out the circle onto the grid and calculating weights which guarantee the conservation law. This shows a good approximation property but the microreversibility is lost. Pareschi and Russo in [17] used some spectral Galerkin methods for the approximation of the Boltzmann operator in the velocity space.
However, for the transitional regime, there is a need to construct simplified models of the Boltzmann collision operator satisfying the conservation law and a few other kinetic features like the H-Theorem, correct flow parameters etc. In [2, 4] ), a simplified collision model was introduced into a rectangular grid, but there appeared many artificial invariants to be eliminated by further techniques.
A kinetic theory for a hexagonal discrete velocity model in R 2 for the Boltzmann equation was developed in [1] . The Boltzmann collision sphere can be much more suitable in the hexagonal grid than the rectangular grid model. It is shown in [1] that the conservation law, the H-Theorem, and the properties of the linearized operator hold for the discrete Boltzmann equation in the hexagonal grid.
In order to solve the Boltzmann equation by the hexagonal discrete velocity model, it is necessary to construct a hexagonal grid providing the basic as well as all possible larger hexagons (on which the local hexagonal collision models are based) automatically. To identify all these regular hexagons, in Section 2 of this article, we prove that the centers of all regular hexagons constructed by the nodes of the hexagonal grid on R 2 , are either the centers of the regular basic hexagons or an interior node of the grid. In Section 3, we develop a generalized layer-wise construction of the hexagonal grid called the N -layer model, which is conducive to find some general formulae for all possible larger regular hexagons contained in the grid. We give algorithms to construct the hexagonal grid of the N -layer model for any N ∈ N 0 . The general formulae to identify the nodes of all hexagons are derived. In Section 4, we present some numerical results based on our hexagonal grid.
Hexagonal collision model
In this section, we prove that the centers of all regular hexagons constructed by the nodes of the hexagonal grid on R
2
, are either the centers of the regular basic hexagons or an interior node of the grid. We also prove that the system of binary collision laws (based on our hexagonal grid) provides a spurious invariant. Fig. 1 shows the hexagonal discretization on R
is the set of grid points of the hexagonal discretization on R
. Again we denote c is the set of center points of the hexagons in R
. With the grid points given by equations (2.1) we can construct many other larger regular hexagons (in addition to the basic hexagons) as marked by the dotted and dashed line in Fig. 1 . For all these regular hexagons H := (π where for an appropriate test function φ : G → R, the global collision operator J[f , f ] in the bounded grid G b is defined by the weak formulation
(2.10)
In order to identify the hexagons H, we are going to prove that the centers of all hexagons can be either the grid points given by equations (2.1) or the center points given by equations (2.3). With this ends we discuss the followings properties. 
We omit the proof. By using Proposition 2.1 and Lemma 2.1 one can easily prove the following two lemmas. 
We have the following properties.
the six-tuple nodes of any regular class-A hexagon H.
Proof. Lemma 2.3 (2) is the case of class-A hexagons where the pair (g l , g m ) is such that either
In all the four cases, sign (g l ) sign (g m ) = −1.
the six-tuple nodes and g ∈ G denote the center of any regular class-B hexagon H. Then
Proof. Again, with the definition of sign function given by equation (2.15), the proof follows from Lemma 2.2 and Lemma 2.3 (1).
If we exclude the ternary collision operator from (2.5), we get the following result. Proof. From theorem 2.2 and theorem 2.3 it follows, respectively, that sign(g H ), f H is the spurious invariant a H , f H (a H is given by (2.7)) for class-A H and the physical invariant ±ρ H = ±(1, 1, 1, 1, 1, 1) , f H for class-B H. Then the proof is completed from the definition (given by (2.10)) of the global collision operator.
If we consider only the binary collision law, then it is seen that the equilibrium is a five-dimensional manifold and thus sign(g), f is the only spurious invariant.
To assure the correct number of invariants of the system, it is sufficient to include the ternary collision law for a single basic hexagon. However, in order to use the shift operator, it is necessary to have the ternary collision law for all basic hexagons, but we can exclude it for larger hexagons.
To calculate the collision operator, we need in advance a list L of all six-tuples (π
of nodes of all hexagons H ∈ H, and to collect all these regular hexagons from the grid, we need a more systematic approach, a layerwise construction of the grid that can be called a N -layer model which is described in the next section. 
N -layer hexagonal model
are for a layer and a partition respectively. 
where h is the discretization parameter, c = (c x , c y ) is already obtained by the above algo-rithm. The Algorithm 2 provides the vectors G x , G y for the (x, y)-coordinates of the grid points of the N -layer model and plots the hexagonal mesh as shown in Fig. 3 .
PLOT (x, y) 
Identification of Class-A and Class-B hexagons
We already know the coordinates (v x (l), v y (l)) of each l-th node (l = 1, . . . , 6(N + 1)
2
) of the N -layer model. We also know (3.1) to identify the nodes of all basic hexagons. We exclude the basic hexagons from 'Class-A' and we call them 'Class-0' hexagons and the rest of the 'class-A' ones will be known as 'class-A' hexagons. Then we need to identify the nodes of class-A and class-B hexagons. To this end, we rewrite the definition of grid points and centers for the N -layer model as follows.
Grid points and Centers of the N -layer model. For even (odd)
, denote g Fig. 4 shows a N = 3-layer model, where nodes 0, . . . , 5 (node enumeration is shown in Fig. 2 ) belong to the 0-th layer (marked by thickest lines), nodes 6, . . . , 23 belong to the 1st layer (marked by 2nd thickest lines), and so on. By the three solid straight lines the model is divided into six symmetric partitions and the partition immediately on the right of the positive y-axis is called the first partition. Each partition in the n-th (n = 0, . . . , N ) layer contains 2n + 1 nodes and has symmetry about the divider line CD. If the center C(x, y) of the regular class-A hexagon H is given with a node P 0 (x 0 , y 0 ), then we can find all the other nodes P m (x m , y m ), m = 1, . . . , 5 of H by
Class-A hexagons.
We may call the pair (C, P 0 ) the generator of H. However, the radii are symmetric about the dividing line CD (see Fig. 4 ) of the partition and, therefore, we need to find the radii for i = 1, . . . , n + 1 only and for each i = 1, . . . , n + 1 we have to find two initial angles θ j n,i , j = 0, 1. The radii are given by R A n,i∈ [1,n+1] 
where
for n is odd(even).
With the above radii we give the general formulae to identify the nodes of class-A regular hexagons as follows.
Nodes of hexagons H
denotes the centers of the regular basic hexagons up to the nth layer with successive layer ordering n = 1, . . . , N , then the node G
∈ R 2 6 , n = 1, . . . , N ; j = 0, 1 for i = 1, . . . , n and j = 0 for i = n + 1, 
for n is odd (even) .
Hexagons of Class-B.
It has been seen that the N -layer grid has six symmetric partitions and each n-th, n = 0, . . . , N , layer of a partition contains (2n + 1) nodes. If the center C(x, y) of a regular hexagon H is given with a node P 0 (x 0 , y 0 ), then we can find all the other nodes P m (x m , y m ), m = 1, . . . , 5 of H by equations (3.8), (3.9), (3.10). We then Proof. Using equations (3.8), (3.9), (3.9) it is seen that all the six nodes of H belong to the grid G N .
For P 0 belonging to the n-th, n = 1, . . . , N , layer there exist n distinct regular hexagons each with a center at nodes up to the (N − n)-th layer, i.e., for the first 6(N − n + 1) where the radii
where P j n,i , j = 0, 1 are given by
We note that the cases i = 0 in both odd and even n, and i = n/2 for even n is already included with P 
Computational costs
For a pointwise evaluation of the full collision operator J[f , f ] defined by equation (2.9) in Section 2, first we calculate 
to include an essential part of the initial density. Fig. 6b shows the solution at equilibrium state and Fig. 6c shows the time evolution of the H-functional.
These results are consistent with the basic features of the kinetic theory developed in [1] , i.e., mass, momentum, kinetic energy are invariants and the H-functional is non-increasing. (c) Entropy Figure 6 . Relaxation problem on a 6-layer grid
The space inhomogeneous case
As a demonstration of steady flows established at large times, we solved the test problem: heat transfer between two parallel plates, as an initial value problem. We used the classical operator-splitting method for the computation of solutions consisting of splitting the equation into transport and collision steps. For the transport step we used a finite difference scheme and for the collision step we used a fourth-order Runge-Kutta scheme. We presented the results obtained by using three different size discrete velocity models -M2: 54-velocity model, M3: 96-velocity model, M4: 150-velocity model as a 2-layer, 3-layer and 4-layer models respectively.
Heat transfer between two parallel plates.
We consider a gas between two parallel infinite plates placed at a distance L and having a uniform wall temperature T 0 = 1 and T 1 = 1.5 at x = 0 and x = L respectively. We impose a diffuse reflection boundary condition on both the walls with density ρ = 1 and bulk velocityṽ = 0. In our calculation, the discretization parameter of the velocity space h = 1, the Knudsen number Kn = λ/L, where λ is the mean free path. Fig. 7 shows the temperature distributions obtained from three different size models M2, M3, M4. The result for model M2 differs from the results for the other two models at high temperature because the size of M2 is not enough for high temperature. We know from the Navier-Stokes theory that the temperature profile between two plates is a straight line connecting the two wall temperatures T 0 and T 1 . However, due to the description of the considered gas by the kinetic equation and boundary conditions, we obtained the expected temperature jump as well as the kinetic boundary layers. As we also know from the theory of steady Couette flow (can be seen in [11; Eq. (2.3.6)]) that the pressure is constant throughout the spatial domain between the plates, we obtained almost a constant pressure profile except for a small boundary effect. Fig. 8 shows the temperature distribution for a smaller Knudsen number kn = 0.02. In this case, we obtained a smaller temperature jump than in the previous case of larger Knudsen number. The temperature profile for model M2 differ from that for models M3 and M4 as before.
Conclusions
We have developed a hexagonal mesh generator which provides all basic hexagons as well as larger regular hexagons automatically so that one can perform a numerical study for our Boltzmann equation for any larger size hexagonal collision model. We have performed a numerical experiment on some basic test problem and observed a good agreement with the well-known qualitative behavior. The obtaining of some quantitatively correct solutions is left for a future work. The investigation on our three-dimensional hexagonal model is in progress and only the binary collision law is sufficient to get rid of spurious invariants in the case of our 3D hexagonal model. A paper with this will appear soon. Despite the fact that our 2D hexagonal model contains a ternary collision law, one could say that the 2D model is a good preparation to realize the 3D hexagonal model and test the numerical method/schemes for the problems involved in the transitional regime.
